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An algebraic expression involving three universal constants is proposed for the 
eddy momentum diffusivity in fully developed turbulent pipe flow that adequately 
simulates its variation throughout the pipe cross-section. The model permits ana- 
lytical integration to provide a single universal correlation that, unlike other available 
expressions, smoothly and accurately describes the entire turbulent velocity distri- 
bution from the inner region in the immediate vicinity of the wall all the way to the 
core region near the pipe axis and compares well with the existing correlations and 
experimental data. Accurate values of the maximum velocity and otherflow variables 
of engineering interest can also be calculated from the velocity profile expression. 

Introduction 
The problem of fully developed turbulent flow in smooth 

pipes is of fundamental importance in many fields of engi- 
neering, and consequently a number of empirical or semiem- 
pirical correlations are available in the literature for describing 
the velocity and eddy viscosity distribution (Lin et al., 1953; 
Schlinger et al., 1953; Ranny, 1956; Corcoran et al., 1956; 
Spalding, 1961; Wasan et al., 1963; Brodkey, 1967; Hinze, 
1975; Schlichting, 1979; Arpaci and Larsen, 1984; White, 1991). 
Typically, however, these. models represent the experimental 
data only within their prescribed ranges of applicability or 
involve a great deal of empiricism (for example, Brodkey, 1963; 
Pai, 1953). A satisfactory singre correlation, with a minimum 
of fitted parameters, that smvothly represents the entire dis- 
tribution from the viscous sublayer in the immediate vicinity 
of the pipe wall to the core region, has so far proved to be 
elusive (Brodkey, 1967). This work tries to provide such a 
correlation. 

Although variations of the theme exist, it is customary to 
divide the entire flow cross-section into: i) an inner or near- 
wall region; it) an outer or core region; and iii) an overlap 
region, in the spirit of the technique of singular perturbation, 
now invoked to obtain the logarithmic law in the overlap re- 
gion, which was derived originally by other less rigorous ar- 
guments. In the wall region, by dimensional considerations, 
then 

otherwise known as the law of the wall. In the outer region 

(0.15-0.2sy/Rs l.O), on the other hand, the data are gen- 
erally correlated by the so-called velocity defect law: 

which is in terms of the dimensionless radial distance, (= 
r/R, that is -O(l), whereas the small distances in the inner 
region are stretched by scaling with the length scale, v/U', 
which is - O(0). In the overlap layer, the gradients of the inner 
and outer solutions, Eqs. 1 and 2 are matched (Kundu, 1990, 
p. 452), resulting in the logarithmic law: 

(3) 
1 u+ =- In y +  + A  
K 

which is valid in the region 30-50s~'  ~ 0 . 2 ~ : .  The constants 
in this equation, namely, K (von Karman constant) and A ,  are 
presumably universal. The most popular values, based on the 
experiments of Nikuradse (Schlichting, 1979), are A = 5.5 and 
K = 0.4, although many other sets of values have been proposed 
by other investigators, varying in the range ~ = 0 . 3 6  to 0.419 
and A = 3.8 to 5.85 (Deissler, 1955; Patel, 1965; Hinze, 1975; 
Arpaci and Larsen, 1984; White, 1991). The wall region is 
usually further subdivided into a composite of two quite thin 
layers-a viscous sublayer adjacent to the wall, and a buffer 
layer between the overlap layer and the viscous sublayer. Thus, 
W'), Eq. 1, usually comprises two expressions: 

Viscous sublayer (Osy' < 5 - 8), where 
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U' = y' (4) 

and buffer layer (5-8 5 y' < 30 - SO), where 

U +  = 5 .O In y ' - 3.05 (5 )  

An alternative single expression for the wall region is given by 
Spalding (1961), which is of the form, y' =f( U'),  rather than 
of the type U' =I$@'). 

In pipe flow, the wake is only slight, and consequently the 
deviations from Eq. 3 in the core region are rather small. It 
is, therefore, assumed to be applicable all the way to the pipe 
axis. Thus, the so-called "universal velocity distribution," given 
by the patchwork of Eqs. 3 to 5 adequately describes the fully 
turbulent velocity profile in pipes (for N R e r  30,OOO), even 
though it possesses some undesirable features, as discussed by 
Brodkey (1967). 

Theoretical Model 
Momentum balance 

Momentum balance for fully developed pipe flow gives: 

Trz = P  ( u* 12t (6) 

where the total stress, rr2= -pdU/dr+p(u 'u ' ) .  Utilizing the 
hypothesis of Boussinesq for the Reynolds stress, 
~ ( u ' u ' )  = -p~dU/dr:  

- 

dU 
Trz = - p( 1 + E,) - 

dr (7) 

E = E ( U ,  v, P ,  T,, do) (10) 

in which any dependence on the velocity gradients is neglected 
and it is assumed that any y dependence is implicitly included 
in U .  The effect of wall roughness, e,  is also neglected since 
we are here concerned only with smooth pipes. Dimensional 
analysis then yields: 

Er=Er(CJ', NUK) (1 1) 

To develop an algebraic expression for E, in terms of U +  
and NuK, let us next consider the salient traits that a suitable 
expression must possess: 

1. At the wall, where y = 0, CJ' = 0, and E,= 0. 
2. In the immediate vicinity of the wall, as y'-0,  Elrod 

(1957) has shown that, since the turbulence. velocity compo- 
nents have to satisfy the equation of continuity, E , = @ + ) ~  for 
an incompressible fluid. Since in this region, CJ' =y ' ,  an ap- 
propriate expression must conform to E,= ( .+I4. 
3. E ,  increases essentially linearly with y beyond the buffer 

layer and throughout the overlap layer (Hinze, 1975, pp. 621, 
645). 
4. There is a maximum in cr roughly midway between the 

wall and the pipe axis and it then decreases toward the pipe 
axis (Schlichting, 1979, p. 609). 
5. E, approaches a finite value at the pipe axis. However, 

there is little concensus on the numerical value of E, at the pipe 
axis (Schlichting, 1979, p. 609; Hinze, 1975, p. 730), which 
likely also depends on the Reynolds number. 

Based on above, the following specific form for er in Eq. 
1 1  is suggested: 

Equations 6 and 7 are equated and written in the dimensionless 
form: 

dU+ NVK -(l+E,)-=-t 
d4 2Jz 

where the von Karman number, NuK= N R e a .  Equation 8 can 
be integrated to obtain the velocity profile, provided a model 
for E,  is available. This is developed next. 

Eddy momentum diffusivity model 
TO construct a robust model for the eddy momentum dif- 

fusivity, the different variables that could possibly affect E are 
first enumerated (Deissler, 1955): 

U ,  v, P ,  T,, do, Y .  e,  - dU - d2U ) (9) 
dY' dY2' ..- 

Various investigators have correlated E in terms of one or 
more of these variables. For instance, Prandtl's mixing-length 
model (Brodkey, 1967; Hinze, 1975) assumes E = ~ ( y ,  dU/dy) ;  
von Karman's similarity hypothesis supposes E = E (dU/dy, 
d2U/dy2); Rannie (1956) has assumed E = ~ ( y ,  T,, p ,  v); Deissler 
(1955) assumes E = E (  U ,  y ,  v); Schlinger et al. (1953), Reichardt 
(as cited by Arpaci and Larsen, 1984), as well as Reynolds et 
al. (as cited by Wilson and Azad, 1975) assume E = E ( y ,  do, 7,, 

p, v); and Spalding (1961) assumes E = E ( U ,  T,, p). Here, the 
following form is adopted: 

where U',,,= U',ax(NuK), as discussed later. Equation 12 in- 
cludes three constants: a, 0, and 6. In comparison, the universal 
velocity profile given by Eqs. 3 to 5 involves four fitted con- 
stants, while the more recent k - ?  formulation involves many 
more parameters (Pate1 et al., 1985). Another distinct advan- 
tage of the proposed model is that it permits analytical deter- 
mination of the velocity and other quantities of interest. 

It is evident that the first term in Eq. 12 satisfies the re- 
quirements 1 and 2 listed above. The fourth power of the sinh 
function ensures that cr-  ( U + / ( Y ) ~  as y+-0 ,  as can be seen 
from the Taylor series expansion of the first term. The constant 
a ,  therefore, can be determined from the variation of E, in the 
neighborhood of the wall. The form of the term in the braces 
in Eq. 12 was chosen to emulate the variation of E, in the 
overlap layer and the outer region as described by requirements 
3 to 5 above. The choice of the values of /3 and 6 determines 
the numerical value and location of the maximum in E, as well 
as its value at the pipe axis. Thus, 6 is expected to be only 
slightly higher than unity. Indeed, if 6 = 1 .O, Eq. 12 yields er=  0 
at the pipe axis. 

Velocity distribution 
The velocity profile is obtained by separating the variables 
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1% (1 - 5, 
Figure 1. Variation of the log( - dU+/dt) vs. log(1 - t). 

Comparison of theory, Eq. 13 and its derivative, with velocity 
gradient data calculated from mean velocity profile data of Patel 
(1965). 

and integrating Eq. 8 while using the boundary condition at 
the wall. This yields the implicit expression: 

(13) 
N V K  U’ + oLF( U’ ) = -(l - FZ) 
4 4  

where the function 

where x is a dummy variable for ( U+/a). Using the model for 
E ,  given by Eq. 12 in Eq. 14 results in: 

F ( U ’ ) =  [ P  ( Pz - 1 Y 6)(Pz - 4) 1. [ 24-;cosh(fi$) 

. ~192-60fiz+3fi4-4fi2(fiz-16)cosh ( 2- 31 

where the parameter y is defined by: 

and is a function of N v K  only. It may be noted that for mean- 
ingful results fi>4.0. Thus, Eq. 13, along with Eq. 15, im- 

plicitly provides the variation of the velocity with the 
dimensionless radial distance, (, for the fully developed tur- 
bulent flow. This form is suitable for the velocity distribution 
in the outer region. However, the wall coordinate, y + ,  is more 
appropriate for the inner region, which is related to E by: 

Using this in Eq. 13 gives: 

where F( U’) is given by Eq. 15. Equation 18, like the expres- 
sion of Spalding (1961), is of the form y +  =f( U+), rather than 
vice versa, as is customary but, of course, presents little dif- 
ficulty in the calculation of velocity distribution. 

Results and Discussion 
Although data on pipe flow have been reported by many 

over a period of more than half a century, there is a consid- 
erable variation among the results of different investigators. 
Here, we use the relatively more recent velocity profile data 
given by Patel (1965) for comparison. See also Patel and Head 
(1969). 

Equations 12 and 16 require the value of Uf,ax= ULax(NvK). 
This is determined by setting 5 = 0, and U+ = U;,, in Eq. 13, 
that is, by solving: 

where the function F is given by Eq. 15. The values of the 
three constants used in all of the calculations here are: CY = 10.25, 
fi=4.17, and 6= 1.008. While these values, of course, are not 
sacrosanct, they are believed to be “universal” to the same 
extent as are the constants of the logarithmic law. Since cal- 
culation of ULax from Eq. 19 requires root finding of an al- 
gebraically involved expression, it may alternatively be 
estimated from the following explicit expression of the form 
of Eq. 3, with y’ =yz  =NvK/2Jz, from Eq. 17, and a slight 
adjustment of the constants: 

U&=2.505In - +5.06 (z) 
Eddy viscosity 

Eddy viscosity distribution was calculated from the mean 
velocity profile data of Patel (1965) using Eq. 8, which involves 
differentiation of the velocity data to obtain the velocity gra- 
dient. These data are for NvK=21,850, calculated from the 
plotted value of y: (Patel, 1965), which corresponds to a 
NRe = 370,000. The velocity gradient was calculated first by 
curve-fitting the velocity distribution data in the different re- 
gions followed by analytical differentiation of the fitted equa- 
tions. The results are shown in Figure l along with the 
theoretical prediction obtained by differentiating Eq. 13, which 
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Figure 2. Distribution of relative eddy momentum dif- 

fusivity. 
Comparison of values calculated from mean velocity profile data 
of Patel (1965) with Eq. 12. 

provides dU+/d t  for a given U', while the corresponding f 
is calculated from Eq. 13. It is seen that the agreement is quite 
good throughout the flow cross-section. 

Figure 2 shows a comparison of Eq. 12 with the relative 
eddy viscosity values calculated from the data of Patel (1965) 
as described above. Note that the maximum value of E is - 720 
times v for this NvK! The expression agrees reasonably well 
with the calculated values throughout the pipe cross-section 
and has a maximum error of 7%. The agreement is actually 
much better in the inner region than in the outer region, where 
the error in calculating E ,  is also the largest. It is noteworthy, 
however, that Eq. 12 predicts the gross features in the outer 

60 1 

0.0025 0.005 0.0075 0.01 0.0125 0.015 0.0175 0 .02  

1-5  
Figure 3. Variation of relative eddy momentum diffusiv- 

ity in the wall region. 
Comparison of Eq. 12 and its asymptotic form, Eq. 21 (broken 
line), with data calculated from mean velocity profile data of 
Patel (1965). 

30 

log Y +  

Figure 4. Mean velocity profile in the universal coordi- 
nates. 
Comparison of Eq. 18 with the data of Patel (1965), and the 
universal velocity profile, Eqs. 3 and 4. 

region quite well including the maximum and a finite value of 
E, at the pipe axis. The variation of E~ in the wall region is 
shown in Figure 3. Also plotted in this figure is the limiting 
form of Eq. 12 close to the wall where U' << ULax and con- 
sequently Eq. 12 reduces to: 

E ,  = sinh4 (G) 
The agreement of both expressions is quite good in the range 
of y shown. Therefore, the simpler expression for E,, Eq. 21, 
that involves a single fitted constant Q provides results of 
acceptable accuracy in the wall and the overlap regions. Al- 
though not shown here, similar calculations of E ,  distribution 
were also made for the experimental conditions of Nikuradse 
(NRp= 1 . 1  x lo5 to 3 . 2 ~  lo6) and agreed reasonably well with 
the corresponding results given by Schlichting (1979, p. 609). 

Velocity distribution 
Figure 4 shows the mean velocity profile data of Patel (1965) 

in the usual universal coordinates, namely U+ vs. logy+ . The 
agreement of Eq. 18 with the data is excellent up to y' = 300 
and also from y' ~ 2 , 5 0 0  to the pipe axis (yo' =7,725). How- 
ever, there is a slight deviation in the intermediate range. Over- 
all, the agreement is considered to be quite good, including an 
accurate prediction of U;,,. It is seen that Eq. 18 also agrees 
quite well with the usual limiting expressions of the universal 
velocity distribution, Eqs. 3 and 4. While not shown here, the 
model predictions also compared favorably with the velocity 
profile data of Nikuradse (Schlichting, 1979, p. 601). Figure 
5 compares the velocity distribution data with Eq. 13 in a linear 
form of U/U,,,,, vs. (1 - .$). A closer inspection of the region 
adjacent to the wall in the inset of Figure 5 also shows excellent 
agreement. Finally, the velocity profile is plotted in Figure 6 
in the velocity defect form of Eq. 2. 
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Figure 5. Mean velocity as a ratio of the maximum ve- 

locity vs. dimensionless distance from wall. 
Comparison of Eq. 13 with the data of Patel (1965). 
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Notation 
A =  
do = 
e =  
f =  

F(U’)  = 
k =  
P =  

N R ~  = 
NVK = 

constant in logarithmic law, Eq. 3 
pipe inner diameter 
wall roughness factor 
Fanning friction factor = 7w/(1/2)pU~ve 
function defined by Eq. 14 and given by Eq. 15 
turbulent kinetic energy 
mixing length 
Reynolds number = doU,,,/v 
von Karman number = N R , f i = d d o v ‘ / v  

30 

c 

.. 3 

3 
I 
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3 

1% (1 - 5, 
Figure 6. Mean velocity defect profile. 

Comparison of Eq. 13 with the data of Patel (1965). 

YO+ 

Z 

= radial coordinate 
= pipe inner radius 
= turbulent velocity fluctuation in axial direction 
= time mean axial velocit 
= friction velocity = & 
= dimensionless axial velocity = U/U‘ 
= cross-sectional area average velocity 
= dimensionless area average velocity = U,,,/U* 
= maximum (centerline) velocity 
= dimensionless maximum (centerline) velocity = U,,,,/U 
= turbulent velocity fluctuation in radial direction 
= dummy variable for (U+/ci)  in Eq. 14 
= normal distance from the pipe wall = R - r 
= dimensionless normal distance from the pipe wall = 

= maximum dimensionless normal distance from wall = 

= axial coordinate 

y u * / v  

RU’/v = N u K / 2 d  

Greek letters 
a =  

P =  
Y =  
6 =  

€ =  

€, = - 
€ =  

K =  

P =  
v =  
4 =  
P =  

7, = 
7, = 
d =  
* =  

universal constant in eddy diffusivity model, Eq. 12 = 
10.25 
universal constant in eddy diffusivity model, Eq. 12 = 4.17 
parameter defined by Eq. 16 = l/sinh [SPU&/cr] 
universal constant in eddy diffusivity model, Eq. 12 = 
1.008 
eddy momentum diffusivity 
relative eddy momentum diffusivity = e / v  
rate of dissipation of the turbulent kinetic energy 
von Karman constant in logarithmic law, Eq. 3 
fluid viscosity 
fluid kinematic viscosity = p/p 
dimensionless radial distance = r /R  
fluid density 
shear stress 
shear stress at the wall 
law of the wall, Eq. 1 
velocity defect law, Eq. 2 
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